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Describing Distributions
with Numbers

n Chapter 1 we began to learn about data analysis using graphs to provide

a visual tool for organizing and identifying patterns in data. Pie charts

and bar graphs can summarize the information in a categorical variable
by giving us the percentage of the distribution in the various categories.
Histograms and stemplots are graphical tools for summarizing the informa-
tion provided by a quantitative variable. The overall pattern in a histogram
or stemplot illustrates some of the important features of the distribution of
a variable. The center of the histogram tells us about the value of a “typi-
cal” observation on this variable, whereas the variability gives us a sense
of how close most of the observations are to this value. Other interesting
features are the presence of outliers and the general shape of the plot. For
data collected over time, time plots can show patterns such as seasonal
variation and trends in the variable. In the next chapter, we will see how
the information about the distribution of a variable can also be described
using numerical summaries.

In this chapter, we continue our study of exploratory data analysis. A graph
is an important visual tool for organizing and identifying patterns in data. It
gives a fairly complete description of a distribution, although for many prob-
lems, the important information in the data can be described by using a few
numbers. A graph is a numerical summary that can be useful for describing
a single distribution as well as for comparing the distributions from several
groups of observations.
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CHAPTER

When you complete this
chapter, you will be able to:

2.1 Find the mean of a set of
observations and interpret it as
the center of the set.

Find the median of a set of
observations and interpret it as
the center of the set.

Compare the mean and median
values of a data set and
distinguish their meanings.

Calculate and use quartiles to
describe the variation of a data
set.

Use the five-number summary
(the minimum, the maximum,
the quartiles, and the median)
and boxplot to characterize a
distribution.

Use the 1.5 x QR rule to identify
outliers in a data set.

Calculate and use the standard
deviation to describe the variation
of a data set.

Discriminate between the five-
number summary and the mean
and standard deviation for
describing the distribution of
data, depending on features of
the data set.

Interpret presentations of
descriptive statistics output
by graphing calculators and
computer programs.

2.10 Apply four-step state, plan, solve,
and conclude process to examine
data based on context.

Copyright ©2021 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution.

04_moorebps9e_4437_ch02_045-072.indd 45

05/10/20 4:50 PM



46 CHAPTER 2 Describing Distributions with Numbers

We saw in Chapter 1 (page 13) that the American Community Survey asks, among
much else, about workers’ travel times to work. Here are the travel times in minutes
for 15 workers in North Carolina, chosen at random by the U.S. Census Bureau:!

20 35 8 70 5 15 25 30 40 35 10 12 40 15 20

We aren’t surprised that most people estimate their travel time in multiples of
five minutes. Here is a stemplot of these data:
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The distribution is single peaked and rightskewed. The longest travel time (70 min-
utes) may be an outlier. Our goal in this chapter is to describe with numbers the
center and variability of this and other distributions.

2.1 Measuring Center: The Mean

The most common measure of center is the ordinary arithmetic average, or mean.

The Mean x
To find the mean of a set of observations, add their values and divide by the number of
observations. If the n observations are x;, x,, . . . , x,,, their mean is

or, in more compact notation,

The X (capital Greek sigma) in the formula for the mean is short for “add them
all up.” The subscripts on the observations x; are just a way of keeping the n observa-
tions distinct. They do not necessarily indicate order or any other special facts about
the data. The bar over the x indicates the mean of all the xvalues. Pronounce the
mean x as “x-bar.” This notation is very common. When writers who are discussing
data use X or y, they are talking about a mean.

EXAMPLE 2.1 Travel Times to Work

ee 0000000000000 00

I III The mean travel time of our 15 North Carolina workers is
NCTRAVEL Xttt
= n
_20+35+---420
15
= @ = 25.3 minutes
15
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2.2 Measuring Center: The Median

In practice, you can enter the data into your calculator and ask for the mean. You
don’t have to actually add and divide. But you should know that this is what the
calculator is doing.

Notice that only 6 of the 15 travel times are larger than the mean. If we
leave out the longest single travel time, 70 minutes, the mean for the remaining
14 people is 22.1 minutes. That one 70-minute observation raises the mean by

a7

3.2 minutes.

Example 2.1 illustrates an important fact about the mean as a measure of center:
it is sensitive to the influence of a few extreme observations. These may be outliers,
but a skewed distribution that has no outliers will also pull the mean toward its long
tail. Because the mean cannot resist the influence of extreme observations, we say

that it is not a resistant measure of center.

Resistant Measure

A resistant measure is a statistical measure that is relatively unaffected by large changes
in numerical values of a small proportion of the observations in the distribution that

the measure describes.

APPLY YOUR KNOWLEDGE

2.1

2.2

E. Coli in Swimming Areas. To investigate water quality, the Columbus
Dispatch took water specimens at 16 Ohio State Park swimming areas in central
Ohio. Those specimens were taken to laboratories and tested for E. coli, which
are bacteria that can cause serious gastrointestinal problems. For reference, if
a 100-milliliter specimen (about 3.3 ounces) of water contains more than 130
E. coli bacteria, it is considered unsafe. Here are the E. coli levels per 100 mil-
liliters found by the laboratories:? |.||| ECOLI

291.0 109 470 86.0 440 189 1.0 500
1904 457 285 189 160 340 8.6 9.6

Find the mean E. coli level. How many of the lakes have E. coli levels greater
than the mean!? What feature of the data explains the fact that the mean is
greater than most of the observations?

Health Care Spending. Table 1.3 (page 31) gives the 2015 health care
expenditure per capita in 35 countries with the highest gross domestic prod-
ucts in 2015. The United States, at 9536 international dollars per person,
is a high outlier. Find the mean health care spending in these nations with
and without the United States. How much does the one outlier increase the
mean’ |.||| HEALTH

2.2 Measuring Center: The Median

STATISTICS IN YOUR WORLD
Don’t Hide the Outliers

Data from an airliner’s control
surfaces, such as the vertical tail
rudder, go to cockpit instruments
and then to the “black box” flight
data recorder. To avoid confusing the
pilots, short erratic movements in
the data are “smoothed” so that the
instruments show overall patterns.
When a crash killed 260 people,
investigators suspected a catastrophic
movement of the tail rudder. But

the black box contained only the
smoothed data. Sometimes, outliers
are more important than the overall
pattern.

In Chapter 1, we used the midpoint of a distribution as an informal measure of
center and gave a method for its computation. The median is the formal version of

the midpoint, and we now provide a more detailed rule for its calculation.
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48 CHAPTER 2 Describing Distributions with Numbers

NCTRAVEL

NYTRAVEL

The Median M

The median M is the midpoint of a distribution, the number such that half the obser-
vations are smaller and the other half are larger. To find the median of a distribution:

1. Arrange all observations in order of size, from smallest to largest.

2. If the number of observations n is odd, the median M is the center observation in
the ordered list. If the number of observations n is even, the median M is midway
between the two center observations in the ordered list.

3. You can always locate the median in the ordered list of observations by counting up
(n 4 1)/2 observations from the start of the list.

Note that the formula (n +1)/2 does not give the median; it just gives the location
of the median in the ordered list. Medians require little arithmetic, so they are
easy to find by hand for small sets of data. Arranging even a moderate number of
observations in order is very tedious, however, so finding the median by hand for
larger sets of data is unpleasant. Even simple calculators have an X button, but you
will need to use software or a graphing calculator to automate finding the median.

EXAMPLE 2.2 Finding the Median: Odd n

What is the median travel time for our 15 North Carolina workers! Here are the data
arranged in order:

5 8 10 12 15 15 20 20 25 30 35 35 40 40 70

The count of observations, n = 15, is odd. The bold 20 is the center observation in
the ordered list, with seven observations to its left and seven to its right. This is the
median, M = 20 minutes.

Because n = 15, our rule for the location of the median gives

”+1:§:8
2 2

That is, the median is the eighth observation in the ordered list. It is more reliable
and faster to use this rule than to locate the center by eye.

location of M =

EXAMPLE 2.3 Finding the Median: Even n

Travel times to work in New York State are (on the average) longer than in North
Carolina. Here are the travel times in minutes of 20 randomly chosen New York
workers:

10 15 55 20 65 50 12 20 10 10 35 50 30 45 15 10 75 40 35 60

A stemplot not only displays the distribution but also makes finding the median
easy because it arranges the observations in order:
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2.3 Comparing the Mean and the Median 49

The distribution is single peaked and right-skewed, with several travel times of
an hour or more. There is no center observation, but there is a center pair. These
are the bold 30 and 35 in the stemplot, which have nine observations before them
in the ordered list and nine after them. The median is midway between these two
observations:

30+ 35

M= = 32.5 minutes

With n = 20, the rule for locating the median in the list gives

”“:%:105

location of M =

The location 10.5 means “halfway between the 10th and 11th observations in the
ordered list.” That agrees with what we found by eye.

2.3 Comparing the Mean and the Median

Examples 2.1 and 2.2 illustrate an important difference between the mean and the
median. The median travel time (the midpoint of the distribution) is 20 minutes.
The mean travel time is higher, 25.3 minutes. The mean is pulled toward the right
tail of this rightskewed distribution. The median, unlike the mean, is resistant. If
the longest travel time were 700 minutes rather than 70 minutes, the mean would
increase to 67.3 minutes, but the median would not change at all. The outlier just
counts as one observation above the center, no matter how far above the center it
lies. The mean uses the actual value of each observation and so will chase a single
large observation upward. Using the Mean and Median applet is an excellent way to u

compare the resistance of M and x. applet

Comparing the Mean and the Median

The mean and median of a roughly symmetric distribution are close together. If the dis-
tribution is exactly symmetric, the mean and median are exactly the same. In a skewed
distribution, the mean is usually farther out in the long tail than the median.?

Many economic variables have distributions that are skewed to the right. For
example, the median endowment of colleges and universities in the United States
and Canada in 2018 was about $142 million—but the mean endowment was over
$770 million. Most institutions have modest endowments, but a few are very
wealthy. Harvard’s endowment was more than $38 billion.* The few wealthy institu-
tions pull the mean up but do not affect the median. Reports about incomes and
other strongly skewed distributions usually give the median (“midpoint”) rather
than the mean (“arithmetic average”). However, a county that is about to impose
a tax of 1% on the incomes of its residents cares about the mean income, not the
median. The tax revenue will be 1% of total income, and because the total income
is the mean income times the number of residents, the tax revenue can be computed
easily from the mean. The mean and median measure center in different ways, and
both are useful. Don’t confuse the “average” value of a variable (the mean) with its “middle”

| value, which we might describe by the median, or with its “typical” value, which we

® . might describe by the mode.

Copyright ©2021 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution.
04_moorebps9e_4437_ch02_045-072.indd 49 @ 05/10/20 4:50 PM



50 CHAPTER 2 Describing Distributions with Numbers

The mode of a set of values is the most frequently occurring value. The mode
can be calculated for both numerical and categorical data. In Example 1.3, the mode
of the audio brands is Spotify because the highest percentage of 12- to 34-years-olds
have listened to this brand. For the 20 New York travel times, the mode is 10 minutes
because this time occurred most often in the 20 travel times. There can be multiple
modes; for example, in the 15 North Carolina travel times, 15, 20, 35, and 40 minutes
are all modes because all these numbers are tied for occurring most often.

APPLY YOUR KNOWLEDGE

2.3 New York Travel Times. Find the mean of the travel times to work for the
20 New York workers in Example 2.3. Compare the mean and median for these
data. What general fact does your comparison illustrate? |.||| NYTRAVEL

2.4 New House Prices. The mean and median sales prices of new homes sold in
the United States in July 2019 were $312,800 and $388,000.> Which of these

numbers is the mean, and which is the median? Explain how you know.

2.5 Carbon Dioxide Emissions. Burning fuels in power plants and motor vehicles

emits carbon dioxide (CO, ), which contributes to global warming. The CO, emis-
sions (metric tons per capita) for countries varies from 0.04 in Burundi
to 43.86 in Qatar. Although the data set includes 203 countries,
the CO, emissions of 14 countries are not available on the World Bank
database. The data set is too large to print here, but here are the data for the
first 5 countries:® |.||| CO2EMISS

Country CO, Emissions (metric tons per capita)
Aruba 8.41
Afghanistan 0.29
Angola 1.29
Albania 1.98
Andorra 5.83

Find the mean and the median for the full data set (included among the data
sets available for this chapter). Make a histogram of the data. What features of
the distribution explain why the mean is larger than the median?

2.4 Measuring Variability: The Quartiles

The mean and median provide two different measures of the center of a distribu-
tion. But a measure of center alone can be misleading. The U.S. Census Bureau
reports that in 2017 the median income of American households was $61,372. Half
of all households had incomes below $61,372, and half had higher incomes. The
mean was much higher, $86,220, because the distribution of incomes is skewed to
the right. But the median and mean don’t tell the whole story. The bottom 20% of
households had incomes less than $24,638, and households in the top 5% took in
more than $237,034.” We are interested in the variability of incomes as well as their

center. The simplest useful numerical description of a distribution requires both a

" . measure of center and a measure of variability.
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2.4 Measuring Variability: The Quartiles 51

One way to measure variability is to give the smallest and largest observations.
For example, the travel times of our 15 North Carolina workers range from 5 min-
utes to 70 minutes. These single observations show the full variability of the data,
but they may be outliers. We can improve our description of variability by also
looking at the variability of the middle half of the data. The quartiles mark out the
middle half. Count up the ordered list of observations, starting from the smallest.
The first quartile lies one-quarter of the way up the list. The third quartile lies three-
quarters of the way up the list. In other words, the first quartile is larger than 25%
of the observations, and the third quartile is larger than 75% of the observations.
The second quartile is the median, which is larger than 50% of the observations.
That is the idea of quartiles. We need a rule to make the idea exact. The rule for
calculating the quartiles uses the rule for the median.

The Quartiles Q, and Q;
To calculate the quartiles:

1. Arrange the observations in increasing order and locate the median, M, in the or-
dered list of observations.

2. The first quartile, Q,, is the median of the observations whose position in the or-
dered list is to the left of the location of the overall median.

3. The third quartile, Q;, is the median of the observations whose position in the
ordered list is to the right of the location of the overall median.

The following examples show how the rules for the quartiles work for both odd
and even numbers of observations.

EXAMPLE 2.4 Finding the Quartiles: Odd n

e0 0000000000000 0 00

Our North Carolina sample of 15 workers’ travel times, arranged in increasing order, is I II
5 8 10 12 15 15 20 20 25 30 35 35 40 40 70 NC.TRAV!L

There is an odd number of observations, so the median is the middle one, the
bold 20 in the list. The first quartile is the median of the seven observations to the
left of the median. This is the fourth of these seven observations, so Q; = 12 min-
utes. If you want, you can use the rule for the location of the median with n =7:

n+1  7+1
2 2

4

location of Q; =

The third quartile is the median of the seven observations to the right of the medi-
an, Q; = 35 minutes. When there is an odd number of observations, leave out the overall
median when you locate the quartiles in the ordered list.

The quartiles are resistant because they are not affected by a few extreme observa-
tions. For example, Q; would still be 35 if the outlier were 700 rather than 70.

EXAMPLE 2.5 Finding the Quartiles: Even n

e0 0000000000000 0 00

Here are the travel times to work of the 20 New Yorker workers from Example 2.3, I I
arranged in increasing order: II |

10 10 10 10 12 15 15 20 20 30 | 35 35 40 45 50 50 55 60 65 75

NYTRAVEL
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52 CHAPTER 2 Describing Distributions with Numbers

There is an even number of observations, so the median lies midway between the
middle pair, the 10th and 11th in the list. Its value is M = 32.5 minutes. We have
marked the location of the median by |. The first quartile is the median of the first
10 observations because these are the observations to the left of the location of the
median. Check that Q; = 13.5 minutes and Q; = 50 minutes. When the number of

observations is even, include all the observations when you locate the quartiles.

Be careful when, as in these examples, several observations take the same numer
ical value. Write down all the observations, arrange them in order, and apply the
rules just as if they all had distinct values.

There are several rules for finding the quartiles. Some calculators and

= . software use rules that give results that differ from ours for some sets of data

(see Example 2.8). Our rule is the simplest for hand calculation, with the results
from the various rules generally being close to each other.

2.5 The Five-Number Summary and Boxplots
The smallest and largest observations tell us little about a distribution as a whole,
but they give information about the tails of the distribution that is missing if we
know only the median and the quartiles. To get a quick summary of both center
and variability, combine all five numbers.

The Five-Number Summary

The fivenumber summary of a distribution consists of the smallest observation, the
first quartile, the median, the third quartile, and the largest observation, written in
order from smallest to largest. In symbols, the five-number summary is

Minimum Q; M Q; Maximum

These five numbers offer a reasonably complete description of center and vari-

ability. The fivenumber summaries of travel times to work from Examples 2.4 and
2.5 are

North Carolina 5 12 20 35 70
New York 10 135 325 50 175

The fivenumber summary of a distribution leads to a new graph, the boxplot.
Figure 2.1 shows boxplots comparing travel times to work in North Carolina and

New York.

Boxplot

A boxplot is a graph of the fivenumber summary:
e A central box spans the quartiles Q, and Q.

* A line in the box marks the median M.

* Lines extend from the box out to the smallest and largest observations.
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2.5 The Five-Number Summary and Boxplots 53
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FIGURE 2.1

Boxplots comparing the travel times to work of samples of workers in North Carolina and New York.

Because boxplots show less detail than histograms or stemplots, they are best
used for side-by-side comparison of more than one distribution, as in Figure 2.1. Be
sure to include a numerical scale in the graph. When you look at a boxplot, first
locate the median, which marks the center of the distribution. Then look at the vari-
ability. The span of the central box shows the variability of the middle half of the
data, and the extremes (the smallest and largest observations) show the variability of
the entire data set. We see from Figure 2.1 that travel times to work are in general
a bit longer in New York than in North Carolina. The median, both quartiles, the
minimum, and the maximum are all larger in New York. New York travel times are
also more variable, as shown by the span of the box. Note that the boxes with arrows
in Figure 2.1 that indicate the location of the fivenumber summary are not part of
the boxplot but are included purely for illustration.

Finally, the North Carolina data are more strongly right-skewed. In a symmetric
distribution, the first and third quartiles are equally distant from the median. In
most distributions that are skewed to the right, on the other hand, the third quar
tile is farther above the median than the first quartile is below it. The extremes
behave the same way, but remember that they are just single observations and may
say little about the distribution as a whole.

APPLY YOUR KNOWLEDGE

2.6 Shared Pain and Bonding. Although painful experiences are involved in
social rituals in many parts of the world, little is known about the social ef-
fects of pain. Will sharing painful experiences in a small group lead to greater
bonding of group members than sharing a similar non-painful experience?
Fifty-four university students in South Wales were divided at random into a
pain group containing 27 students, with the remaining students in the no-pain
group. Pain was induced by two tasks. In the first task, students submerged
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54 CHAPTER 2 Describing Distributions with Numbers

2.7

12
20
22
24
25
26
27
29
31
33
44

their hands in freezing water for as long as possible, moving metal balls at the
bottom of the vessel into a submerged container; in the second task, students
performed a standing wall squat with back straight and knees at 90 degrees for
as long as possible. The no-pain group completed the first task using room tem-
perature water for 90 seconds and the second task by balancing on one foot for
60 seconds, changing feet if necessary. In both the pain and non-pain settings,
the students completed the tasks in small groups, which typically consisted of
four students and contained similar levels of group interaction. Afterward,
each student completed a questionnaire to create a bonding score based on
answers to questions such as “I feel the participants in this study have a lot in
common,” or “I feel I can trust the other participants.” Here are the bonding
scores for the two groups:® |.||| BONDING

No-pain group: | 3.43 4.86 1.71 1.71 3.86 3.14 4.14 3.14 4.43 3.71
3.00 3.14 4.14 429 243 2.71 4.43 343 1.29 1.29
3.00 3.00 2.86 2.14 4.71 1.00 3.71

Pain group: 471 4.86 4.14 129 2.29 4.43 3.57 4.43 3.57 3.43

414 386 457 4.57 429 143 429 357 3.57 343
229 4.00 4.43 4.71 4.71 2.14 3.57

(a) Find the fivenumber summaries for the pain and no-pain groups.

(b) Construct a comparative boxplot for the two groups following the model of
Figure 2.1. It doesn’t matter if your boxplots are horizontal or vertical, but
they should be drawn on the same set of axes.

(c) Which group tends to have higher bonding scores? Is the variability in the
two groups similar, or does one of the groups tend to have less variable bond-
ing scores! Does either group contain one or more clear outliers!

Fuel Economy for Midsize Cars. The Department of Energy provides fuel
economy ratings for all cars and light trucks sold in the United States. Here are
the estimated miles per gallon for combined city and highway driving for the 189
cars classified as midsize in 2019, arranged in increasing order:’ |.||| MIDCARS

4 16 16 16 17 17 17 18 18 18 18 19 19 19 19 19 19
20 20 20 20 20 20 20 21 21 21 21 21 21 22 22 22 122
23 23 23 23 23 23 23 23 23 23 23 13 23 24 24 24 24
24 24 24 24 24 24 24 24 24 24 24 24 25 25 25 15 125
25 25 25 25 25 25 25 25 25 25 25 26 26 26 26 26 26
26 26 26 26 26 26 26 26 26 26 26 26 26 27 21 21 21
27 20 27 271 21 21 27 27 27 27 27 27 28 28 28 28 18
29 29 29 29 29 29 29 29 29 29 30 30 30 30 30 31 31
31 32 32 32 32 32 32 32 32 32 32 32 33 33 33 33 33
34 34 34 34 35 35 35 35 36 41 41 41 41 42 42 43 44
46 46 48 50 52 52 52 56

(a) Give the fivenumber summary of this distribution.

(b) Draw a boxplot of these data. What is the shape of the distribution shown by
the boxplot? Which features of the boxplot led you to this conclusion? Are
any observations unusually small or large?
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2.6 Spotting Suspected Outliers and Modified Boxplots 55

2.6 Spotting Suspected Outliers and Modified Boxplots*
Look again at the stemplot of travel times to work in North Carolina in
Example 2.3. The five-number summary for this distribution is

5 12 20 35 70

How shall we describe the variability of this distribution? The smallest and largest
observations are extremes that don’t describe the variability of the majority of the
data. The distance between the quartiles (the range of the center half of the data) is
a more resistant measure of variability. This distance is called the interquartile range.

The Interquartile Range (/QR)
The interquartile range (IQR) is the distance between the first and third quartiles, STATISTICS IN YOUR WORLD

IQR = Q; —Q How Much Is That House Worth?
The town of Manhattan, Kansas, is
sometimes called “the Little Apple”
to distinguish it from that other

For our data on North Carolina travel times, IQR = 35—12 = 23 min-  Manhattan, “the Big Apple.” A few

. i 1. . ears ago, a house there appeared in
= . utes. However, no single numerical measure of variability, such as IQR, is very . £ ° thete app
the county appraiser’s records valued

useful for describing skewed distributions. T’he two sides of a skewed’ distribution have $200,059,000. That would be quite
different variability, so one number can’t summarize them. That’s why we give the 4 house, even on Manhattan Island.
full fivenumber summary. The interquartile range is mainly used as the basis for a  As you might guess, the entry was

rule of thumb for identifying suspected outliers. wrong: the true value was $59,500.
But before the error was discovered,
the county, the city, and the school
board had based their budgets on the

The 1.5 X IQR Rule for Outliers total appraised value of real estate,
Call an observation a suspected outlier if it falls more than 1.5 x IQR above the third which the one outlier jacked up by
quartile or below the first quartile. 6.5%. It can pay to spot outliers

before you trust your data.

EXAMPLE 2.6 Usingthe 1.5 x IQR Rule

ee 0000000000000 000

For the North Carolina travel time data, IQR = 23 and I.Ill
15X IQR=15%x23=345 NCTRAVEL
Any values not falling between
Q — (1.5 x IQR) =12.0—34.5=-225 and
Qs + (1.5 x IQR) = 35+ 34.5=69.5

are flagged as suspected outliers. Look again at the stemplot in Example 2.3
(page 48): the only suspected outlier is the longest travel time, 70 minutes.
The 1.5 x IQR rule suggests that the two next-longest travel times of 40 minutes
are just part of the long right tail of this skewed distribution.

In a modified boxplot, which is provided by many software packages,
the suspected outliers are identified in the boxplot with a special plotting
symbol such as a dot (¢). Comparing Figure 2.2 with Figure 2.1, we see that
the largest observation from North Carolina is flagged as an outlier. The line

*This short section is optional.
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56 CHAPTER 2 Describing Distributions with Numbers

FIGURE 2.2

Horizontal modified boxplots
comparing the travel times to work of
samples of workers in North Carolina
and New York.

Jecapix/Getty Images

New York
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North Carolina

T T T T T T T 1
0 10 20 30 40 50 60 70 80

Travel time to work (minutes)

beginning at the third quartile no longer extends to the maximum but now ends
at 40, which is the largest observation from North Carolina that is not identi-
fied as an outlier. Figure 2.2 also displays the modified boxplots horizontally
rather than vertically, an option available in some software packages that does
not change the interpretation of the plot. Finally, the 1.5 IQR rule is not a
replacement for looking at the data. It is most useful when large volumes of data
are processed automatically.

APPLY YOUR KNOWLEDGE

2.8 Travel Time to Work. In Example 2.3 (page 48), there is one
long travel time of 75 minutes in our sample of 20 New York travel
times. Does the 1.5 x IQR rule identify this travel time as a sus-
pected outlier? |.||| NYTRAVEL

2.9 Fuel Economy for Midsize Cars. Exercise 2.7 (page 54)
gives the estimated miles per gallon (mpg) for city driving for the
189 cars classified as midsize in 2019. Are any of the larger values
outliers by the 1.5 X IQR rule? Although outliers can be produced
by errors or incorrectly recorded observations, they are often
observations that differ from the others in some particular way.
In this case, the cars producing the high outliers share a common
feature. What do you think that is? |.||| MIDCARS

2.7 Measuring Variability: The Standard Deviation

The fiveenumber summary is not the most common numerical description of a
distribution. That distinction belongs to the combination of the mean to measure
center and the standard deviation to measure variability. The standard deviation and
its close relative the variance measure variability by looking at how far the observa-
tions are from their mean.

Copyright ©2021 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution.

04_moorebps9e_4437_ch02_045-072.indd 56

06/10/20 12:00 PM



2.7 Measuring Variability: The Standard Deviation 57

The Standard Deviation s

The variance s of a set of observations is an average of the squares of the deviations of the

observations from their mean. In symbols, the variance of n observations xi, x, . . . , x,is
o W= o)+ Al =X
n—1

or, more compactly,

st = ! (x; — x)*
1

n—

The standard deviation s is the square root of the variance s*:

=y

In practice, use software or your calculator to obtain the standard deviation from
keyed-in data. Doing an example step-by-step will help you understand how the vari-
ance and standard deviation work, however.

EXAMPLE 2.7 Calculating the Standard Deviation

ee 0000000000000 000

Georgia Southern University had 2786 students with regular admission in its I I
freshman class of 2015. For each student, data are available on their SAT and ll i
ACT scores (if taken), high school GPA, and the college within the university to

which they were admitted.!” In Exercise 3.49 (page 96), the full data set for the SAT
Mathematics scores will be examined. Here are the first five observations from that

data set:

SATMATH

490 580 450 570 650

We will compute x and s for these students. First find the mean:

__ 490+ 580+ 4504 570 4+ 650
i =
5
= s
5

Figure 2.3 displays the data as points above the number line, with their mean marked
by an asterisk (*). The arrows mark two of the deviations from the mean. The devia-
tions show how variable the data are about their mean. They are the starting point
for calculating the variance and the standard deviation.

Observations Deviations Squared Deviations

X X, —X (x, —X)°

490 490 — 548 =—58 (—58)' = 3,364

580 580 — 548 = 32 32 = 1,024

450 450 — 548 =—98 (-98)'= 9,604

570 570 — 548 = 22 222 = 484

650 650 — 548 = 102 102* = 10,404
sum= 0 sum = 24,880
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x =490 X =548 X = 650

deviation = —58 | deviation =102 |

[ [ ] * o o [ ]
I 1 1 1 1 1 1 1 1
g 7 2 8 2 gk z S
<t < <t n wn n n o ~

SAT Mathematics Score

FIGURE 2.3
SAT Mathematics scores for five students, with their mean (*) and the deviations of two observations
from the mean shown, for Example 2.7.

The variance is the sum of the squared deviations divided by one less than the
number of observations:

#=1 > — %) SELL P
n—1 4

The standard deviation is the square root of the variance:

s =+6220 = 78.87

Notice that the “average” in the variance s* divides the sum by one fewer than
the number of observations, that is, n — 1 rather than n. The reason is that the
deviations x; — x always sum to exactly O so that knowing n — 1 of them determines
the last one. Only n — 1 of the squared deviations can vary freely, and we average by
dividing the total by n — 1. The number n — 1 is called the degrees of freedom!" of the
variance or standard deviation. Some calculators offer a choice between dividing by
n and dividing by n — 1, so be sure to use n — 1.

More important than the details of hand calculation are the properties that
determine the usefulness of the standard deviation:

e s measures variability about the mean and should be used only when the mean is
chosen as the measure of center.

e s is always zero or greater than zero. s = 0 only when there is no variability. This
happens only when all observations have the same value. Otherwise, s > 0. As
the observations become more variable about their mean, s gets larger.

¢ s has the same units of measurement as the original observations. For example, if you
measure weight in kilograms, both the mean x and the standard deviation s are
also in kilograms. This is one reason to prefer s to the variance s?, which would
be in squared kilograms.

e Like the mean x, s is not resistant. A few outliers can make s very large.

The use of squared deviations renders s even more sensitive than x to a few

= . extreme observations. For example, the standard deviation of the travel times

for the 15 North Carolina workers in Example 2.1 is 16.97 minutes. (Use your cal-

culator or software to verify this.) If we omit the high outlier, the standard deviation
drops to 12.07 minutes.

If you feel that the importance of the standard deviation is not yet clear, you are
right. We will see in Chapter 3 that the standard deviation is the natural measure
of variability for a very important class of symmetric distributions, the Normal dis-
tributions. The usefulness of many statistical procedures is tied to distributions of
particular shapes. This is certainly true of the standard deviation.

Copyright ©2021 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution.

04_moorebps9e_4437_ch02_045-072.indd 58

05/10/20 4:50 PM



2.8 Choosing Measures of Center and Variability 59

2.8 Choosing Measures of Center and Variability
We now have a choice between two descriptions of the center and variability of a
distribution: the five-number summary or X and s. Because x and s are sensitive to

extreme observations, they can be misleading when a distribution is strongly skewed

or has outliers. In fact, because the two sides of a skewed distribution have different

variability, no single number describes the variability well. The five-number sum-

mary, with its two quartiles and two extremes, does a better job.

Choosing a Summary
* The fivenumber summary is usually better than the mean and standard deviation for

describing a skewed distribution or a distribution with strong outliers.

e Use x and s only for reasonably symmetric distributions that are free of outliers.

Outliers can greatly affect the values of the mean x and the standard deviation s,
the most common measures of center and variability. Many more elaborate statis-
tical procedures also can’t be trusted when outliers are present. Whenever
= you find outliers in your data, try to find an explanation for them. Sometimes
the explanation is as simple as a typing error, such as typing 10.1 as 101; if this is
the case, correct the typing error. Sometimes a measuring device broke down or a
subject gave a frivolous response, like the student in a class survey who claimed to
study 30,000 minutes per night. (Yes, that really happened.) In all these cases, you
can simply remove the outlier from your data. When outliers are “real data,” like the
long travel times of some New York workers, you should choose statistical methods
that are not greatly disturbed by the outliers. For example, use the five-number sum-
mary rather than X and s to describe a distribution with extreme outliers. We will
meet other examples later in the book.
Remember that a graph gives the best overall picture of a distribution. If data
® . have been entered into a calculator or statistical program, it is very simple
and quick to create several graphs to see all the different features of a distribution.
Numerical measures of center and variability report specific facts about a distribu-
tion, but they do not describe its entire shape. Numerical summaries do not disclose
the presence of multiple peaks or clusters, for example. Exercise 2.11 shows how
misleading numerical summaries can be. Always plot your data.

APPLY YOUR KNOWLEDGE

2.10 x and s by Hand. Radon is a naturally occurring gas and is the second leading
cause of lung cancer in the United States.'? It comes from the natural break-
down of uranium in the soil and enters buildings through cracks and other
holes in foundations. Radon is found throughout the United States, but levels
vary considerably from state to state. Several methods can reduce the levels of
radon in a home, and the Environmental Protection Agency recommends using
one of them if the measured level in a home is above 4 picocuries per liter. Four
readings from Franklin County, Ohio, where the county average is 8.2 picocu-

ries per liter, were 3.8, 1.9, 12.1, and 14.4.

(a) Find the mean step-by-step. That is, find the sum of the four observations
and divide by 4.

(b) Find the standard deviation step-by-step. That is, find the deviation of each
observation from the mean, square the deviations, and obtain the variance
and the standard deviation. Example 2.7 (page 57) shows the method.

Doug Martin/Science Source
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60 CHAPTER 2 Describing Distributions with Numbers

(c) Now enter the data into your calculator and use the mean and standard devia-
tion buttons to obtain x and s. Do the results agree with your hand calculations?

2.11 xand s Are Not Enough. The mean x and standard deviation s measure
center and variability but are not a complete description of a distribution.
Data sets with different shapes can have the same mean and standard devia-
tion. To demonstrate this fact, use your calculator to find x and s for these two
small data sets. Then make a stemplot of each and comment on the shape of
each distribution. |.||| DATASET2

Data A: | 9.14 8.14 8.74 8.77 9.26 810 6.13 3.10 913 726 4.74
Data B: | 6.58 5.76 7.71 8.84 8.47 7.04 525 6.89 5.56 791 12.50

2.12 Choose a Summary. The shape of a distribution is a rough guide to whether
the mean and standard deviation are a helpful summary of center and variabil-
ity. For which of the following distributions would % and s be useful? In each
case, give a reason for your decision.

(a) Percentages of high school graduates in the states taking the SAT, Figure 1.8
(page 26)

(b) Iowa Tests scores, Figure 1.7 (page 26)
(c) New York travel times, Example 2.3 (page 48)

2.9 Examples of Technology
Although a calculator with “two-variable statistics” functions will do many of the
basic calculations we need throughout the text, more elaborate technology is help-
ful. Graphing calculators and computer software will do calculations and make
graphs as you command, freeing you to concentrate on choosing the right methods
and interpret your results. Figure 2.4 displays outputs from three technology tools
for describing the travel times to work of 20 people in New York State (Example 2.3,
page 48). Can you find x, s, and the five-number summary in each output? The big
message is: once you know what to look for, you can read output from any technological tool.
The displays in Figure 2.4 come from a Texas Instruments graphing calculator,
the Microsoft Excel spreadsheet program, and JMP statistical software. JMP allows
you to choose what descriptive measures you want, whereas the descriptive mea-
sures in Excel and the calculator give some things you don’t need. Just ignore the
extras. Because Excel’s “Descriptive Statistics” menu item doesn’t give the quartiles,
we used the spreadsheet’s separate quartile function to get Q; and Qs.

In Example 2.5, we saw that the quartiles of the New York travel times are Q;, = 13.5
and Q; = 50. Look at the output displays in Figure 2.4. The calculator agrees with
our work, while Excel says Q; =14.25 and JMP says that Q; = 12.75. What hap-
pened! There are several rules for finding the quartiles. Some calculators and software use
rules that give results different from ours for some sets of data. This is true of JMP and Excel.
Results from the various rules are generally close to each other, so the differences are
not important in practice. Our rule is the simplest for hand calculation.
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™ N s
3 s 3 s i (=)= )
b INSTRUMENTS b INSTRUMENTS ]Q']D
NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n
A‘ istributi
%=33.1 1Sx=20.9407686 ) Distributions
Ix=662 ox=20.41053649 .
$x2=30244 n=20 A‘ (~) Minutes ‘
Sx=20.9407686 minX=10
0x=20.41053649 Q1=13.5 f
n=20 Med=32.5 A‘ Quantiles ‘
minX=10 Q3=50 ;
4Q1=13.5 maxX=75 100.0% maximum 75
99.5% 75
J J
97.5% 75
4 El ™ 90.0% 64.5
Excel l o “ 75.0% quartile 50
50.0% median 32.5
A B c D 25.0% quartile 12.75
1 minutes 10.0% 10
2 2.5% 10
3 [Mean 33.1 0.5% 10
4 | Standard Error 4.682498209 0.0% minimum 10
5 | Median 32.5 | QUARTILE (A2:A21,1) | 14.25 4 m—
6 | Mode 10 | QUARTILE (A2:A21,3) 50 ~)Summary Statistics
7 | Standard Deviation 20.9407686 Mean 33.1
8 | Sample Variance 438.5157895 Std Dev 20.940769
9 | Kurtosis -1.034397 Std Err Mean 4.6824982
3
10| Skewness 0.462254911 Upper 95% Mean 42.900581
Lower 95% Mean 23.299419
11| Range 65
— N 20
12| Minimum 10
13| Maximum 75 AN J
14 | Sum 662
15 | Count 20
o J

FIGURE 2.4
Output from a graphing calculator, a spreadsheet program, and a statistical software package describing the data on travel times to
work in New York State.

2.10 Organizing a Statistical Problem

Most of our examples and exercises have aimed to help you learn basic tools (graphs
and calculations) for describing and comparing distributions. You have also learned
principles that guide use of these tools, such as “start with a graph” and “look for
the overall pattern and striking deviations from the pattern.” The data you work
with are not just numbers; they describe specific settings such as water depth in the
Everglades or travel time to work. Because data come from a specific setting, the
final step in examining data is coming to a conclusion for that setting. Water depth in
the Everglades has a yearly cycle that reflects Florida’s wet and dry seasons. Travel
times to work are generally longer in New York than in North Carolina.

Let’s return to the on-time high school graduation rates discussed in
Example 1.4 (page 20). We know from the example that the on-time graduation
rates vary from 71.1% in New Mexico to 91% in lowa, with a median of 86%.
State graduation rates are related to many factors, and in a statistical problem,
we often try to explain the differences or variation in a variable such as gradua-
tion rate by some of these factors. For example, do states with lower household
incomes tend to have lower high school graduation rates? Or, do the states in
some regions of the country tend to have lower high school graduation rates than
the states in other regions!

As you learn more statistical tools and principles, you will face more complex sta-
tistical problems. Although no framework accommodates all the varied issues that
arise in applying statistics to real settings, we find the following fourstep thought
process gives useful guidance. In particular, the first and last steps emphasize that
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62 CHAPTER 2 Describing Distributions with Numbers

statistical problems are tied to specific real-world settings and therefore involve
more than doing calculations and making graphs.

Organizing a Statistical Problem: A Four-Step Process

STATE: What is the practical question, in the context of the real-world setting?
PLAN: What specific statistical operations does this problem call for?
SOLVE: Make the graphs and carry out the calculations needed for this problem.

CONCLUDE: Give your practical conclusion in the setting of the real-world problem.

To help you master the basics, many exercises will continue to tell you what to do—
make a histogram, find the five-number summary, and so on. Real statistical problems
don’t come with detailed instructions. From now on, especially in the later chapters
of the book, you will meet some exercises that are more realistic. Use the fourstep
process as a guide to solving and reporting these problems. They are marked with the
fourstep icon, as the following example illustrates.

EXAMPLE 2.9 Comparing Graduation Rates
4step Federal law requires all states in the United States to use a common com-
putation of on-time high school graduation rates beginning with the 2010-11 school
year. Previously, states chose one of several computation methods that gave answers
I I that could differ by more than 10%. This common computation allows for meaning-
'I 1 ful comparison of graduation rates between the states.

We know from Table 1.1 (page 21), that the on-time high school graduation rates
in the 2016-17 school year varied from 71.1% in New Mexico to 91% in lowa. The
U.S. Census Bureau divides the 50 states and the District of Columbia into four
geographical regions: the Northeast (NE), Midwest (MW), South (S), and West (W).
The region for each state is included in Table 1.1. Do the states in the four regions
of the country display distinct distributions of graduation rates? How do the mean
graduation rates of the states in each of these regions compare?

GRADRATE

[AWXYH Use graphs and numerical descriptions to describe and compare the distri-
butions of on-time high school graduation rates of the states in the four regions of
the United States.

We might use boxplots to compare the distributions, but stemplots
preserve more detail and work well for data sets of these sizes. Figure 2.5 displays
the stemplots with the stems lined up for easy comparison. The stems have been
split to better display the distributions, and the data have been rounded to the
nearest percentage (with no decimal places). The stemplots overlap, and some
care is needed when comparing the four stemplots because the sample sizes differ,
with some stemplots having more leaves than others. The states in the Northeast
and Midwest have distributions that are similar to each other. The South, with
the most observations, has one low observation corresponding to the District
of Columbia that stands apart from the others and some skewness to the left.
With little skewness and no serious outliers, we report X and s as our summary
measures of center and variability of the distribution of the on-time graduation
rates of the states in each region. Because the District of Columbia is not a state,
although often included with state data, we have reported summary statistics for
the South with and without this observation.
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Region n Mean Standard Deviation
Midwest 12 86.03 3.12
Northeast 9 87.12 2.70
South (including DC) 17 85.14 4.72
South (excluding DC) 16 85.89 3.69
West 13 80.5 4.27
Midwest Northeast South West
7 7 713 711
7 7 7|8 701688999
8102334 8114 6102233 &|0225
8| 677689 8| 6678689 & | 6667899999 & |66
9|1 9|0 9 9

The table of summary statistics and the stemplots lead to similar
conclusions. The states in the Midwest and Northeast are most similar to each other,
with the South, excluding the District of Columbia, having a slightly lower mean and
higher standard deviation. The states in the West have a lower mean graduation rate
than the other three regions, with a standard deviation similar to that of the South
but higher than those of the Midwest or Northeast.

It is important to remember that the individuals in Example 2.9 are the states.
For example, the mean of 87.12 is the mean of the on-time graduation rates for the
nine Northeastern states, and the standard deviation tells us how much these state
rates vary about this mean. However, the mean of these nine states is not the same
as the graduation rate for all high school students in the Northeast, unless the states
have the same number of high school graduates. The graduation rate for all high
school students in the Northeast would be a weighted average of the state rates, with
the larger states receiving more weight. For example, because New York is the most
populous state in the Northeast and also has the lowest graduation rate, we would
expect the graduation rate of all high school students in the Northeast to be lower
than 87.12 because New York would pull down the overall graduation rate. See
Exercise 2.37 (page 68) for a similar example.

APPLY YOUR KNOWLEDGE

2.13 Logging in the Rain Forest. “Conservationists have despaired over destruc-
tion of tropical rain forest by logging, clearing, and burning.” These words begin a
report on a statistical study of the effects of logging in Borneo.”” Charles Cannon
of Duke University and his coworkers compared forest plots that had never been
logged (Group 1) with similar plots nearby that had been logged one year eatlier
(Group 2) and eight years earlier (Group 3). Each plot was 0.1 hectare in area. Here
are the counts of trees for plots in each group: |.||| LOGGING

Group 1: | 27 22 29 21 19 33 16 20 24 27 28 19
Group2: |12 12 15 9 20 18 17 14 14 2 17 19
Group3: | 18 4 22 15 18 19 22 12 12

To what extent has logging affected the count of trees? Follow the fourstep
process in reporting your work.

FIGURE 2.5

Stemplots comparing the distributions
of graduation rates for the four
census regions from Table 1.1, for
Example 2.9.

4step

AustralianCamera/Shutterstock
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4step

Maximum

I Third quartile

Median

First quartile

Minimum

FIGURE 2.6

Boxplot showing maximum, third
quartile, median, first quartile, and
minimum.

2.14 Worldwide Child Mortality. Although child mortality rates worldwide have
dropped by more than 50% since 1990, in 2017 it was still the case that 16,000
children under five years old died each day. The mortality rates for children
under five varied from 2.1 per 1000 in Iceland to 127.2 per 1000 in Somalia. In
Exercise 1.36 (page 40), you were asked to draw a histogram of these data. In this
exercise, you will explore the relationship between child mortality and a measure
of a country’s economic wealth. One measure used by the World Bank is the gross
national income (GNI) per capita, the dollar value of a country’s final income in
a year divided by its population. It reflects the average income of a country’s
citizens, and the World Bank uses GNI per capita to classify countries into low-
income, lowermiddle-income, uppermiddle-income, and high-income econo-
mies. Although the data set includes 214 countries, the child mortality rates
of 21 countries are not available in the World Health Organization database.
Because the data set is too large to print here, we give the data for the first five
countries:* |.||| MORTALTY

Child Mortality Economy
Country Rate (per 1000) Classification
Aruba — High
Afghanistan 67.9 High
Angola 81.1 Low
Albania 8.8 Upper-middle
Andorra 33 Upper-middle

Give a full description of the distribution of child mortality rates for the countries
in each of the four economic classifications and identify any high outliers. Compare
the four groups. Does the economic classification used by the World Bank do a
good job of explaining the differences in child mortality rates among the countries?

CHAPTER 2 SUMMARY

A numerical summary of a distribution should report at least its center and its variability.

The mean x and the median M describe the center of a distribution in different ways.
The mean is the arithmetic average of the observations, and the median is the midpoint
of the values.

When you use the median to indicate the center of the distribution, describe its
variability by giving the quartiles. The first quartile, Q,, has one-fourth of the
observations below it, and the third quartile, Q;, has three-fourths of the observa-
tions below it.

The fiveenumber summary consisting of the median, the quartiles, and the smallest and
largest individual observations provides a quick overall description of a distribution. The
median describes the center, and the quartiles and extremes show the variability.

Boxplots based on the fivenumber summary are useful for comparing several distribu-
tions. The box spans the quartiles and shows the variability of the central half of the
distribution. The median is marked within the box. Lines extend from the box to the
extremes and show the full variability of the data.

The variance s* and especially its square root, the standard deviation s, are common
measures of variability about the mean as center. The standard deviation s is zero when
there is no variability and gets larger as the variability increases.
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A resistant measure of any aspect of a distribution is relatively unaffected by changes in
the numerical value of a small proportion of the total number of observations, no matter
how large these changes are. The median and quartiles are resistant, but the mean and
the standard deviation are not.

The mean and standard deviation are good descriptions for symmetric distribu-
tions without outliers. They are most useful for the Normal distributions intro-
duced in the next chapter. The five-number summary is a better description for
skewed distributions.

Numerical summaries do not fully describe the shape of a distribution. Always plot your
data.

A statistical problem has a real-world setting. You can organize many problems by using the

Exercises 65

following four steps: state, plan, solve, and conclude.

CHECK YOUR SKILLS

2.15  The 2019-20 roster of the New England Patriots, win- 2.20  To make a boxplot of a distribution, you must know
ners of the 2019 NFL Super Bowl, included 10 defen- (a) all the individual observations.
sive linemen. The weights in pounds of the 10 defensive (b) the mean and the standard deviation.
linemen were |.||| LINEMEN :

(c) the fivenumber summary.

275 300 300 315 3458260 250 275 12601 250 2.21  The standard deviation of the 10 weights in Exercise
The mean of these data is 2.15 (use your calculator) is about |.||| LINEMEN
(a) 277.50. (b) 285.00.  (c) 300.25. (a) 28.72. (b) 30.28. (c) 46.25.

2.16  The median of the data in Exercise 2.15 is |.||| LINEMEN 2.22  What are all the values that a standard deviation s can
(@) 27750.  (b) 285.00. () 300.25. possibly take?

2.17  The first quartile of the data in Exercise 2.15 is (@ 0<s b) 0<s<1 (0 ~l<s<1
||||I LINEMEN 2.23  The correct units for the standard deviation in Exercise
(2) 260.00. (b) 300.00. (o) 303.75. N )

2.18  If a distribution is skewed to the left, E;)) o urzilts—u § Justa number.
(a) the mean is less than the median. .
0 1 ned | (c) pounds squared.
(b) the mean and fEEHEIF equal 2.24  Which of the following is most affected if an extreme
(c) the mean is greater than the median. high outlier is added to the data?

2.19  What percentage of the observations in a distribution (a) The median

are greater than the first quartile?

(@) 25% (b) 50% (©) 5%

CHAPTER 2 EXERCISES

2.25

2.26

Incomes of College Grads. According to the U.S.
Census Bureau’s Current Population Survey, the
mean and median 2018 income of people aged
25-34 years who had a bachelor’s degree but no
higher degree were $50,350 and $60,178."® Which of
these numbers is the mean, and which is the median?
Explain your reasoning.

Household Assets. Once every three years, the Board of
Governors of the Federal Reserve System collects data
on household assets and liabilities through the Survey
of Consumer Finances (SCF)."® Here are some results
from the 2016 survey.

(b) The mean
(c) The first quartile

(a) Transaction accounts, which include checking,
savings, and money market accounts, are the
most commonly held type of financial asset. The
mean value of transaction accounts per house-
hold for those holding transaction accounts
was $40,200, and the median value was $4,500.
What explains the differences between the two
measures of center?

(b) The median value of cash value life insurance per
household was $0. What does a median of $0 say
about the percentage of households with cash value
life insurance?
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2.27

2.28

2.29

2.30

CHAPTER 2 Describing Distributions with Numbers

University Endowments. The National Association of
College and University Business Officers collects data
on college endowments. In 2018, its report included the
endowment values of 809 colleges and universities in the
United States and Canada. When the endowment val-
ues are arranged in order, what are the locations of the
median and the quartiles in this ordered list?

Pulling Apart Wood. Exercise 1.46 (page 44) gives the
breaking strengths in pounds of 20 pieces of Douglas
fir. |,lls wooo

(a) Give the fivenumber summary of the distribution
of breaking strengths.

(b) Here is a stemplot of the data rounded to the near-
est hundred pounds. The stems are thousands of
pounds, and the leaves are hundreds of pounds.

23 | O

24 |1

25

26 | 5

27

286 |7

29

30 | 259
31 | 399
32 | 033677
33 10237

The stemplot shows that the distribution is skewed
to the left. Does the fivenumber summary show the
skew? Remember that only a graph gives a clear pic-
ture of the shape of a distribution.

Comparing Graduation Rates. An alternative presen-
tation to compare the graduation rates in Table 1.1
(page 21) by region of the country reports five-number
summaries and uses boxplots to display the distribu-
tions. Calculate the fivenumber summaries and make
the boxplots. Do the boxplots fail to reveal any impor-
tant information visible in the stemplots of Figure 2.5
(page 63)? Which plots make it simpler to compare the
regions? Why? |,lli craorare

How Much Fruit Do Adolescent Girls Eat? Figure 1.17
(page 37) is a histogram of the number of servings of
fruit per day claimed by 74 17-year-old girls.

(a) With a little care, you can find the median and the

quartiles from the histogram. What are these num-
bers? How did you find them?

(b) You can also find the mean number of servings of
fruit claimed per day from the histogram. First use
the information in the histogram to compute the
sum of the 74 observations, and then use this to com-
pute the mean. What is the relationship between the
mean and median? Is this what you expected?

2.31

43
80
91
103
137
191

2.32

(c) In general, you cannot find the exact values of the
median, quartiles, or mean from the histogram.
What is special about the histogram of the number
of servings of fruit that allows you to do this?

Guinea Pig Survival Times. Here are the survival
times, in days, of 72 guinea pigs after they were injected
with infectious bacteria in a medical experiment."” Sur-
vival times, whether of machines under stress or cancer
patients after treatment, usually have distributions that
are skewed to the right. |ll§ cunries

45 53 56 56 57 58 66 67 73 4 19
80 81 81 81 82 83 83 84 83 89 91
92 .92 97 99 99 100 100 101 102 102 102
104 107 108 109 113 114 118 121 123 126 128
138 139 144 145 147 156 162 174 178 179 184
198 211 214 243 249 329 380 403 511 522 598

(a) Graph the distribution and describe its main
features. Does it show the expected right-skew?

(b) Which numerical summary would you choose for
these data? Calculate your chosen summary. How
does it reflect the skewness of the distribution?

Maternal Age at Childbirth. How old are women
when they have their first child? Here is the distribu-
tion of the age of the mother for all firstborn children
in the United States in 2017:'

Age Count Age Count

10-14 years 1,892 | 30-34 years 329,623
15-19 years 162,536 | 35-39 years 124,637
20-24 years 395,927 | 40-44 years 24,049
25-29 years 417,162 | 45-49 years 2,377

The number of first-
children to
mothers under 10

born

or over 50 years of
age represent a neg-
ligible percentage of
all first births and
are not included in

the table.

(@) For comparison

with other years
and with other ?
countries, we pre- ; (
fer a histogram of ’
the percentages in

each age class rather than the counts. Explain why.

(b) How many babies were there?
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applet

(c) Make a histogram of the distribution, using percent-
ages on the vertical scale. Using this histogram, de-
scribe the distribution of the age at which women

have their first child.

(d) What are the locations of the median and quartiles
in the ordered list of all maternal ages! In which age
classes do the median and quartiles fall?

More on Nintendo and Laparoscopic Surgery. In
Exercise 1.38 (page 41), you examined the improvement
in times to complete a virtual gall bladder removal for those
with and without four weeks of Nintendo Wii™ training.
The most common methods for formal comparison of two
groups use ¥ and s to summarize the data. |y nwrenoo

(a) What kinds of distributions are best summarized by
x and s? Do you think these summary measures are
appropriate in this case’

(b) In the control group, one subject improved his/her
time by 229 seconds. How much does removing this
observation change x and s for the control group!?
You will need to compute x and s for the control
group, both with and without the high outlier.

(c) Compute the median for the control group with
and without the high outlier. What does this show
about the resistance of the median and x?

Making Resistance Visible. In the Mean and Median

applet, place three observations on the line by clicking

below it: two close together near the center of the line
and one somewhat to the right of these two.

120+

100

[
o
|

Number of births

60

2.35

applet
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Exercises 67

(a) Pull the single rightmost observation out to
the right. (Place the cursor on the point, hold down
a mouse button, and drag the point.) How does
the mean behave! How does the median behave?
Explain briefly why each measure acts as it does.

(b) Now drag the single rightmost point to the left as
far as you can. What happens to the mean? What
happens to the median as you drag this point past
the other two? (Watch carefully.)

Behavior of the Median. Place five observations on
the line in the Mean and Median applet by clicking
below it.

(a) Add one additional observation without changing the
median. Where is your new point!

(b) Use the applet to convince yourself that when you
add yet another observation (there are now seven in
all), the median does not change, no matter where
you put the seventh point. Explain why this must
be true.

Never on Sunday: Also in Canada? Exercise 1.5
(page 19) gives the number of births in the United
States on each day of the week during an entire year.
The boxplots in Figure 2.7 are based on more detailed
data from Toronto, Canada: the number of births on
each of the 365 days in a year, grouped by day of the
week.” Based on these plots, compare the day-of-the-
week distributions using shape, center, and variability.
Summarize your findings.

1

Monday

Day of week

FIGURE 2.7

Tuesday Wednesday Thursday

Friday

Saturday  Sunday

Boxplots of the distributions of numbers of births in Toronto, Canada, on each day of

the week during a year, for Exercise 2.36.
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Thinking about Means. Table 1.2 (page 23) gives
the percentage of minority residents in each of the
states. For the nation as a whole, 42.8% of residents
are minorities. Find the mean of the 51 entries in
Table 1.2. It is not 42.8%. Explain carefully why this
happens. (Hint: The states with the largest populations
are California, Texas, New York, and Florida. Look at
their entries in Table 1.2.) |illy mmoriy

Thinking about Means and Medians. In 2018, approx-

imately 2.1% of hourly rate workers were being paid at

the federal minimum wage level or lower. Would fed-

eral legislation to increase the minimum wage have a

greater effect on the mean or the median income of all

workers? Explain your answer.

A Standard Deviation Contest. You are to choose

four numbers from the whole numbers O to 10, with

repeats allowed.

(a) Choose four numbers that have the smallest pos-
sible standard deviation.

(b) Choose four numbers that have the largest possible
standard deviation.

(c) Is more than one choice possible in either part (a)
or (b)? Explain.

You Create the Data. Create a set of seven numbers

(repeats allowed) that have the fivenumber summary

Minimum =4 Q;, =8 M =12 Q; =15 Maximum =19

241

2.42

There is more than one set of seven numbers with this
fivenumber summary. What must be true about the
seven numbers to have this fivenumber summary?

You Create the Data. Give an example of a small set of
data for which the mean is greater than the third quartile.

Adolescent Obesity. Adolescent obesity is a serious
health risk affecting more than 5 million young people
in the United States alone. Laparoscopic adjustable
gastric banding has the potential to provide a safe and
effective treatment. Fifty adolescents between 14 and
18 years old with a body mass index (BMI) higher than
35 were recruited from the Melbourne, Australia, com-
munity for the study.”® Twenty-five were randomly se-
lected to undergo gastric banding, and the remaining
25 were assigned to a supervised lifestyle intervention
program involving diet, exercise, and behavior modifi-
cation. All subjects were followed for two years. Here
are the weight losses, in kilograms, for the subjects who
completed the study: |y castric

Gastric Banding
356 814 576 32.8 310 376
36.5 =54 279 49.0 648 39.0
43.0 339 297 20.2 152 417
534 134 248 194 323 220

Lifestyle Intervention
6.0 20 =30 20.6 11.6 15.5
—17.0 1.4 40 —46 1538 34.6
60 -31 —-43 -—-167 —-18 —1238

(@) In the context of this study, what do the negative
values in the data set mean?

(b) Give a graphical comparison of the weight loss dis-
tributions for the two groups, using side-by-side box-
plots. Provide appropriate numerical summaries for
the two distributions and identify any high outliers
in either group. What can you say about the effects
of gastric banding versus lifestyle intervention on
weight loss for the subjects in this study?

(c) The measured variable was weight loss, in kilograms.
Would two subjects with the same weight loss always
have similar benefits from a weightreduction pro-
gram! Does it depend on their initial weights? Other
variables considered in this study were the percent-
age of excess weight lost and the reduction in BMIL.
Do you see any advantages to either of these variables
when comparing weight loss for two groups?

(d) One subject from the gastric-banding group dropped
out of the study, and seven subjects from the lifestyle
group dropped out. Of the seven dropouts in the life-
style group, six had gained weight at the time they
dropped out. If all subjects had completed the study,
how do you think it would have affected the compari-
son between the two groups!

Exercises 2.43 through 2.49 ask you to analyze data without having
the details outlined for you. The exercise statements give you the state
step of the fourstep process. In your work, follow the plan, solve, and
conclude steps as illustrated in Example 2.9 (page 62).

2.43  Protective Equipment and Risk Taking. Studies have
4step shown that people who are using safety equipment
when engaging in an activity tend to take increased
risks. Will risk taking increase when people are not
aware that they are wearing protective equipment and
are engaged in an activity that cannot be made safer by
this equipment? Participants in the study were falsely
told they were taking part in an eye-tracking experiment
for which they needed to wear an eye-tracking device.
Eighty subjects were divided at random into two groups
of 40 each, with one group wearing the tracking device
mounted on a baseball cap and the other group wearing
it mounted on a bicycle helmet. Subjects were told that
the helmet or cap was just being used to mount the eye
tracker. All subjects watched an animated balloon on a
video screen and pressed a button to inflate it. The bal-
loon was programmed to burst at a random point, but
until that point, each press of the button inflated the
balloon further and increased the amount of fictional
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currency a subject would earn. Subjects were free to
stop pumping at any point and keep their earnings,
knowing that if the balloon burst, they would lose
all earnings for that round. The score was the aver-
age number of pumps on the trials, with lower scores
corresponding to less risk taking and more conserva-
tive play. Here are the first 10 observations from each
group:? |y Hewmer

2.45

4step

69

Exercises

to the start of the 2019-20 season.?? Provide the team
owner with a full description of the distribution of
salaries and a brief summary of its most important
features. |.||| HOCKEY

Returns on Stocks. How well have stocks done over the
past generation! The Wilshire 5000 index describes the
average performance of all U.S. stocks. The average is
weighted by the total market value of each company’s
stock, so think of the index as measuring the perfor-
mance of the average investor. Shown below are the
percentage returns on the Wilshire 5000 index for the
years 1971-2018: What can you say about the distribu-
tion of yearly returns on stocks??? |.||| WILSHIRE

Year Return Year Return Year Return
A A : 1971 17.68 | 1987 227 | 2003 3L64
Tim Gamble and lan Walker, “Wearing a bicycle helmet can increase risk takin,
and sensation seeking in adults,” Psycholgogica?sdence‘ [27 (2016), pp. 28;—29‘&;: 1972 1798 1988 1794 2004 1262
https://doi.org/10.1177/0956797615620784 (http://www.creativecommons. —18.52
org licenses/bar3.07) 1973 1989 29.17 2005 6.32
1974 —28.39 1990 —6.18 2006 15.88
32.10 50.67 26.26 41.05 20.56 1976 26.59 1992 8.97 2008 —37.34
Baseball Cap:  29.38 42.50 41.57 47.77 32.45 1977 —2.64 1993 11.28 2009 29.42
30.65 7.04 2.68 22.04 25‘86 1978 9‘27 1994 —0.06 2010 17.87
Compare the distributions for the two groups. How 1979 2206 2% 3645 2011 0.59
is wearing of a helmet related to the measure of risk 1980 33.67 1996 21.21 2012 16.12
behavior? 1981 —3.75 | 1997 31.29 | 2013 34.02
2.44 Athletes’ Salaries. The Montreal Canadiens were 1982 18.71 1998 23.43 2014 12.07
step founded in 1909 and are the longest continuously B
4 operating professional ice hockey team. The team has 1983 2341 1999 23.56 2015 0.24
won 24 Stanley Cups, making them one of the most 1984 3.05 2000 —10.89 | 2016 13.04
successful professional sports teams of the traditional 1985 32.56 2001 ~10.97 2017 21.00
four major sports of Canada and the United States.
Table 2.1 gives the salaries of the 2019-20 roster prior 1986 16.09 2002 —2086 | 2018 —5.29
TABLE 2.1 Salaries for the 2019-20 Montreal Canadiens
Player Salary Player Salary Player Salary
Carey Price $15,000,000 Phillip Danault $3,000,000 Christian Folin $800,000
Shea Weber $6,000,000 Brett Kulak $1,950,000 Victor Mete $750,000
Jonathan Drouin $5,500,000 Dale Weise $1,750,000 Charlie Lindgren $750,000
Tomas Tatar $4,981,132 Jordan Weal $1,300,000
Karl Alznerr $4,625,000 Matthew Peca $1,300,000
Paul Byron $4,000,000 Nate Thompson $1,000,000
Jeff Petry $4,000,000 Nicolas Deslauriers $950,000
Brendan Gallagher $4,000,000 Jesperi Kotkaniemi $925,000
Andrew Shaw $3,250,000 Ryan Poehling $925,000
Max Domi $3,150,000 Noah Juulsen $832,000
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TABLE 2.2 Amount spent (euros) by customers in a restaurant when exposed to odors

No Odor
15.9 18.5 15.9 18.5 18.5 219 15.9 15.9 15.9 15.9
15.9 18.5 18.5 18.5 20.5 18.5 18.5 15.9 15.9 15.9
18.5 18.5 15.9 18.5 15.9 18.5 15.9 25.5 12.9 15.9
Lemon Odor
18.5 15.9 18.5 18.5 18.5 15.9 18.5 15.9 18.5 18.5
15.9 18.5 21.5 15.9 21.9 15.9 18.5 18.5 18.5 18.5
259 15.9 15.9 15.9 18.5 18.5 18.5 18.5
Lavender Odor
219 18.5 22.3 219 18.5 24.9 18.5 22.5 21.5 219
21.5 18.5 25.5 18.5 18.5 219 18.5 18.5 24.9 21.9
259 219 18.5 18.5 22.8 18.5 21.9 20.7 219 22.5

2.46

4step

2.47

4step

Do Good Smells Bring Good Business! Businesses
know that customers often respond to background
music. Do they also respond to odors! Nicolas Guéguen
and his colleagues studied this question in a small pizza
restaurant in France on Saturday

for the three proposals were then averaged to create
an index of policy support for each subject, higher val-
ues indicating greater support.”> Here are the first five
observations: |ll§ JustiFy

evenings in May. On one evening,  Justification:

Pragmatic Ambiguous Pragmatic Moral Ambiguous

a relaxing lavender odor was spread

Policy support index:

5 i 4.75 7 5.15

through the restaurant; on another
evening, a stimulating lemon odor;
a third evening served as a control, with no odor.
Table 2.2 shows the amounts (in euros) that custom-
ers spent on each of these evenings.”* Compare the
three distributions. Were both odors associated with
increased customer spending? |yl opors

Policy Justification: Pragmatic vs. Moral. How does
a leader’s justification of his/her organization’s policy
affect support for the policy? A study compared a moral,
pragmatic, and ambiguous justification for three policy
proposals: a politician’s plan to fund a retirement plan-
ning agency, a state governor’s plan to repave state high-
ways, and a president’s plan to outlaw child labor in
a developing country. For example, for the retirement
agency proposal, the moral justification was the impor-
tance of retirees “to live with dignity and comfort,” the
pragmatic was “to not drain public funds,” and the am-
biguous was “to have sufficient funds.” Three hundred
seventy-four volunteer subjects were assigned at random
to read all three proposals: 122 subjects read the three
proposals with a moral justification, 126 subjects read the
three proposals with a pragmatic justification, and 126
subjects read the three proposals with an ambiguous justi-
fication. Several questions measuring support for each
policy proposal were answered by each subject to cre-
ate a support score for each proposal, and their scores

2.48

4step

The first individual read the proposals with a
pragmatic justification, with a policy support index of
5, the second with an ambiguous justification and a
policy support index of 7, and so forth. Compare the
three distributions. How does the support index vary
with the type of justification?

Does Playing Video
Games  Improve
Surgical Skill? In
laparoscopic  sur-
gery, a video cam-
era and several
thin
are
the patient’s abdominal cavity. The surgeon uses
the image from the video camera positioned in-
side the patient’s body to perform the procedure
by manipulating the instruments that have been
inserted. The Top Gun Laparoscopic Skills and

Suturing Program was developed to help surgeons

instruments

inserted into

develop the skill set necessary for laparoscopic sur-
gery. Because of the similarity in many of the skills
involved in video games and laparoscopic surgery, it
was hypothesized that surgeons with greater prior video
game experience might acquire the skills required in
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laparoscopic surgery more easily. Thirty-three surgeons
participated in the study and were classified into the
three categories—never used, under three hours per
day, and more than three hours per day—depending
on the number of hours they played video games at the
height of their video game use. They also performed
Top Gun drills and received a score based on the time
to complete the drill and the number of errors made,
with lower scores indicating better performance. Here
are the Top Gun scores and video game categories for
the 33 participants:? |.||| TOPGUN

71

Exercises

(a) Use graphical and numerical summaries to com-
pare the three distributions. How does cholesterol
change with age?

(b) The ideal range of total cholesterol is below
200 mg/dL. For individuals with elevated cho-
lesterol levels, prescription drugs are often rec-
ommended to reduce levels. Among the 3044
participants between 20 and 50 years of age, 4
individuals in their 20s, 24 individuals in their
30s, and 117 individuals in their 40s were taking
prescription medications to reduce their choles-

terol levels. How do you think your compar-

ison of the distribution would be changed if
none of the individuals were taking medica-

tion? Explain.

Exercises 2.50 through 2.53 make use of the
optional material on the 1.5 X IQR rule for sus-

pected outliers.

2.50 The Changing Face of America. Figure

Never played: 9379 8302 5489 5334 4605 4789 9185 7216 9930
4828 5655 4623 7778 8837 5947

Under three 5540 6259 5163 6149 4398 3968 7367 4217 5716
hours:
Three or 7288 4010 4859 4432 4845 5394 2703 5797 3758
more hours:

Compare the distributions for the three groups. How

is prior video game experience related to Top Gun

scores!
2.49  Cholesterol Levels and Age. The National Health and

4step

Nutrition Examination Survey NHANES) is a unique
survey that combines interviews and physical exami-
nations.”” It includes basic demographic information;
questions about topics such as diet, physical activity,
and prescription medications; and results of a physical
examination measuring a variety of variables, includ-
ing blood pressure and cholesterol levels. The program
began in the early 1960s, and the survey currently
examines a nationally representative sample of about
5000 persons each year. You will work with the total
cholesterol measurements (mg/dL) obtained from par-
ticipants in the survey in 2009-2010. |.||| CHOLEST

To examine changes in cholesterol with age, we
consider only the 3044 participants between 20 and
50 years of age and have classified them into the
three age categories: 20s, 30s, and 40s. The full data
set is too large to print here, but here are the first 10
individuals:

2.51

Age

30s 20s 20s 40s 30s 40s 20s 30s 30s

category:

20s

Total

135 160 299 197 196 202 175 216 181

cholesterol:

149

The first individual is in the 30s with total cholesterol
of 135, the second in the 20s with total cholesterol of
160, and so forth.

2.52

1.10 (page 29) gives a stemplot of the
percentage of minority residents aged
18-34 in each of the 50 states and the
District of Columbia. These data are
given in Table 1.2 (page 23). lylls mmoriTy

(a) Give the fiveenumber summary of this distribution.

(b) Although there do not appear to be any outliers in
Figure 1.10, when you split the stems for the data in
Exercise 1.10, Texas, California, New Mexico, and
Hawaii are separated from the remaining states. Are
these four states outliers or just the largest observa-
tions in a strongly skewed distribution? What does
the 1.5 X IQR rule say?

Shared Pain and Bonding. In Exercise 2.6, you should
have noticed some low outliers in the pain group.
Ll sonome

(a) Compute the mean and the median of the bonding
scores for the pain group, both with and without
the two smallest scores. Do they have more of an
effect on the mean or the median? Explain why.

(b) Does the 1.5 x IQR rule identify these two low

bonding scores as suspected outliers?

(c) Unusual observations are not necessarily mis-
takes. Suppose a small percentage of subjects
would experience little bonding regardless of
whether they were in the no-pain group or the
pain group. Explain how the randomization of
the students to the two groups could have led to
these “outliers.”

The Fortune Global 500. The Fortune Global 500,
also known as the Global 500, is an annual ranking by
Fortune magazine of the top 500 corporations world-
wide as measured by revenue. In total, the Global 500
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generated $32.7 trillion in revenues in 2018. Table 2.3
provides a list of the 30 companies with the highest
revenues (in billions of dollars) in 2018.2% A stemplot
or histogram shows that the distribution is strongly
skewed to the right. |,ll§ cLoses0o

(a) Give the five-number summary. Explain why this
summary suggests that the distribution is right-
skewed.

(b) Which companies are outliers according to the
1.5 X IQR rule? Make a stemplot of the data. Do
you agree with the rule’s suggestions about which
companies are and are not outliers?

2.53

(c) If you consider all 500 companies, the 30 companies
in Table 2.3 each represent a high outlier among all
Global 500 companies. Is there a common feature
shared by many of the 30 companies in the table?
What proportion of the total of the Global 500 rev-
enues is accounted for by these 30 companies’

Cholesterol for People in Their 20s. Exercise 2.49 con-
tains the cholesterol levels of individuals in their 20s
from the NHANES survey in 2009-10. The cholesterol
levels are right-skewed, with a few large cholesterol lev-
els. Which cholesterol levels are suspected outliers by
the 1.5 x IQR rule? |jlly cHoLes2o

TABLE 2.3 Revenues for the top Global 500 companies in 2018

Company Name Revenues ($b) Company Name Revenues ($b)
Wal-Mart Stores 514.4 Glencore 219.8
Sinopec Group 414.6 McKesson 214.3
Royal Duch Shell 396.6 Daimler 1975
China National Petroleum 393.0 Total 184.1
State Grid 387.1 China State Construction Engineering 181.5
Saudi Aramco 355.9 Trafigura Group 180.7
BP 303.7 Hon Hai Precision Industry 175.6
Exxon Mobil 290.2 EXOR Group 175.0
Volkswagen 278.3 AT&T 170.8
Toyota Motor 272.6 Industrial & Commercial Bank of China 169.0
Apple 265.6 AmerisourceBergen 167.9
Berkshire Hathaway 247.8 Chevron 166.3
Amazon.com 232.9 Ping An Insurance 163.6
UnitedHealth Group 226.2 Ford Motor 160.3
Samsung Electronics 221.6 China Construction Bank 151.1
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